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Fair Division
d

Fairly divide resources among a group of agents.
d

Question: What is the strongest fairness notion possible in the worst case?

Fairly divide an inheritance
among a group of siblings.

Fairly divide tasks
among a group of employees.



Two Agents: Cut And Choose
d

For two agents, the ideal 
method is cut and choose.

d



Two Agents: Cut And Choose

d

A cuts resources into two parts
B chooses the one it prefers

d

d

For two agents, the ideal 
method is cut and choose.

d



Two Agents: Cut And Choose

d

Question: How can cut and choose 
be generalized to more agents?

d

d

A cuts resources into two parts
B chooses the one it prefers

d

d

For two agents, the ideal 
method is cut and choose.

d



The Model
item a item b item c item d

agent 1 3 1 1 1
agent 2 2 3 1 1
agent 3 1 1 1 1

Items are indivisible and have to be fully allocated
in a deterministic way.

For now, assume additive valuations: 𝒗𝒊 𝑿𝒊 = ∑𝒈∈𝑿𝒊 𝒗𝒊 𝒈
We also consider monotone valuations 𝒗𝒊 ∶ 𝟐[𝒎] → ℝ.

Agents have subjective preferences and equal entitlements.



Agent 𝒊 does not satisfy EF 

Fairness Notions
d

Allocation is envy-free (EF) if 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊(𝑿𝒋) for all 𝒊, 𝒋.
d

EF allocations exist for divisible items.
EF allocations might not exist for indivisible items.

item a item b
agent 𝒊 4 3

item a item b
agent 𝒊 4 3

Agent 𝒊 satisfies EF 



Agent 𝒊 does not satisfy EF

Fairness Notions

Theorem [LMMS’2001]:
EF1 allocations exist for indivisible items.

d

Allocation is envy-free up to some good (EF1) 
if for all 𝒊, 𝒋, 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 \ 𝒈 for some 𝒈 ∈ 𝑿𝒋.

d

item a item b item c
agent 𝒊 3 3 5

Agent 𝒊 satisfies EF1  



Fairness Notions
d

Allocation is envy-free up to any good (EFX) 
if for all 𝒊, 𝒋, 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 \ 𝒈 for any 𝒈 ∈ 𝑿𝒋.

d

item a item b item c
agent 𝒊 4 2 3

Agent 𝒊 does not satisfy EFX
Agent 𝒊 satisfies EF1  

Open Problem: Does EFX exist for indivisible items?
Theorem [CGM’2020]: EFX exists for three agents.



Fairness Notions
The maximin share: 𝝁𝒊 𝑺 = max𝑿⊎𝒀&𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀) .d

a b c d
𝒊 2 4 5 6

a b c d
𝒊 2 4 5 6

Agent 𝒊 does not satisfy PMMS
Agent 𝒊 satisfies EFX  

Agent 𝒊 satisfies PMMS
Agent 𝒊 satisfies EFX  

Allocation is pairwise-maximin-share-fair (PMMS) 
if for all 𝒊, 𝒋, 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋 .

a b c d
𝒊 2 4 5 6

The maximin share is 8.



Fairness Notions

Comparison-based fairness (this talk): 
For each pair of agents 𝒊 and 𝒋, the condition depends on 𝑿𝒊 and 𝑿𝒋.

Share-based fairness (not in this talk):
For each agent 𝒊, the condition depends on 𝑿𝒊 and number of agents.

PMMS: 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋
where 𝝁𝒊 𝑺 = max𝑿⊎𝒀+𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀)

item a item b item c item d
agent 1 3 1 1 1
agent 2 2 3 1 1
agent 3 1 1 1 1



Fairness Notions

definition status
EF 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 does not exist

PMMS 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋
exists for 2 agents
open for 3 agents

EFX 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 \ {𝒈} ∀𝒈 ∈ 𝑿𝒋
exists for 3 agents
open for 4 agents

EF1 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 \ {𝒈} ∃𝒈 ∈ 𝑿𝒋 exists

Question: What is the strongest fairness notion possible in the worst case?

Multiplicative approximations of fairness (not in this talk): 
𝟎. 𝟕𝟖𝟏-PMMS exists [K’2017] and 𝟎. 𝟔𝟏𝟖-EFX exists [AMN’2020]. 



EFX vs. PMMS
EFX and PMMS were both introduced in 2016.



EFX vs. PMMS

EFX: 21,500 results PMMS: 38 results

EFX got a lot more attention since then.



About PMMS

2. PMMS extends to chores and mixed manna, unlike EFX.

1. PMMS is exactly the guarantee the cutter gets in cut and choose.

3. PMMS is stronger than EFX in non-degenerate instances.

4. PMMS is computationally harder than EFX.

PMMS: 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋
where 𝝁𝒊 𝑺 = max𝑿⊎𝒀+𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀)



About PMMS

a b c d
𝒊 2 4 5 6

PMMS: 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋
where 𝝁𝒊 𝑺 = max𝑿⊎𝒀+𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀)

a b c d
𝒊 2 4 5 6

a b c d
𝒊 2 4 5 6

1. PMMS is exactly the guarantee the cutter gets in cut and choose.

Cutter cuts into two parts.
Guarantees PMMS.

Chooser chooses one.
Guarantees EF.



About PMMS

a b c d
𝒊 -2 -4 -5 -6

PMMS for goods, chores, and mixed manna: 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋
where 𝝁𝒊 𝑺 = max𝑿⊎𝒀+𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀)

EFX for goods: 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 \ {𝒈} ∀𝒈 ∈ 𝑿𝒋
EFX for chores: 𝒗𝒊 𝑿𝒊 \ {𝒈} ≥ 𝒗𝒊 𝑿𝒋 ∀𝒈 ∈ 𝑿𝒊

a b c d
𝒊 2 4 5 6

Agent 𝒊 satisfies PMMS

2. PMMS extends cleanly to chores and mixed manna, unlike EFX.

Agent 𝒊 satisfies PMMS
MMS share is 8. MMS share is -9.



About PMMS

a b c d
𝒊 2 4 5 6

∅ 𝒂, 𝒅 𝒃, 𝒄, 𝒅𝒂 𝒂, 𝒃,
𝒄, 𝒅𝒃, 𝒄𝒂, 𝒄 𝒃, 𝒅𝒂, 𝒃 𝒄, 𝒅

0 2

𝒅 𝒂, 𝒃, 𝒄

EF

𝒃 𝒄 𝒂, 𝒃, 𝒅 𝒂, 𝒄, 𝒅

4 5 6 6 7 8 9 10 11 11 12 13 15 17

PMMS

EFX

3. PMMS is stronger than EFX in non-degenerate instances.

EF1

EF 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋
PMMS 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋
EFX 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 \ {𝒈} ∀𝒈 ∈ 𝑿𝒋
EF1 𝒗𝒊 𝑿𝒊 ≥ 𝒗𝒊 𝑿𝒋 \ {𝒈} ∃𝒈 ∈ 𝑿𝒋

… …



4. PMMS is computationally harder than EFX.

About PMMS

Theorem: Finding a PMMS allocation for two identical additive 
agents is NP-hard.

Theorem [GHH’2023]: 
Finding an EFX allocation for two additive agents is in P.

Proof: Reduction from the Partition problem.



Research Direction
d

Big Open Problems: 
Does EFX exist for additive valuations?

Does PMMS exist for additive valuations? 
d

d

Our Goals:
Show impossibility for weaker assumptions.
Show possibility for stronger assumptions.

d



Negative Results

dTheorem (Negative): For any 𝒏, there is an 𝒏-agent instance 
with 𝒏monotone valuations that admits no PMMS allocation.d

dTheorem (Negative): There is an instance with 2 monotone
and 1 additive valuation that admits no PMMS allocation.d

Extending the 2-agent impossibility to 𝒏 agents is non-trivial.

EFX known to exists for 2 monotone and 1 additive valuations. 
Thus, PMMS for 3 agents requires new techniques.



Monotone Valuations
dTheorem (Negative): For any 𝒏, there is an 𝒏-agent instance 

with 𝒏monotone valuations that admits no PMMS allocation.d

Two agents (red and blue)

PMMS: 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋 where 𝝁𝒊 𝑺 = max𝑿⊎𝒀+𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀)

The MMS shares are 𝝁𝟏 = 𝝁𝟐 = 𝟑.
No allocation satisfies 

𝒗𝟏 𝑿𝟏 ≥ 𝟑 and 𝒗𝟐 𝑿𝟐 ≥ 𝟑.

How to extend this to 3 agents?

Nodes show values for single items.
Edges show values for pairs of items.



Monotone Valuations
dTheorem (Negative): For any 𝒏, there is an 𝒏-agent instance 

with 𝒏monotone valuations that admits no PMMS allocation.d

Three agents (red, blue, green)

PMMS: 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋 where 𝝁𝒊 𝑺 = max𝑿⊎𝒀+𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀)

One agent gets only the star. 
The remaining items cannot be divided 

between the other two agents. 

How to extend this to 4 agents?

Nodes show values for single items.
Edges show values for pairs of items.



Monotone Valuations
dTheorem (Negative): For any 𝒏, there is an 𝒏-agent instance 

with 𝒏monotone valuations that admits no PMMS allocation.d

PMMS: 𝒗𝒊 𝑿𝒊 ≥ 𝝁𝒊 𝑿𝒊 ∪ 𝑿𝒋 where 𝝁𝒊 𝑺 = max𝑿⊎𝒀+𝑺 min 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀)

For 𝒏 agents, our construction 
uses (𝒏 − 𝟐) + 𝑶 log 𝒏 items. 

Four agents 
(red, blue, green, black) Nodes show values for single items.

Edges show values for triplets of items.

Open Problem:
Could (𝒏 − 𝟐) + 𝑶 𝟏 be enough? 



MMS-Feasible Valuations
dTheorem (Negative): For any 𝒏, there is an 𝒏-agent instance 

with 𝒏monotone valuations that admits no PMMS allocation.d

Question: Can extra assumptions on valuations help?
We consider MMS-feasible vals, a generalization of additive. 

Open Problem: Does PMMS exist for MMS-feasible vals?
Open Problem: Does PMMS exist for additive valuations?



MMS-Feasible Valuations
Valuation is MMS-feasible if max 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀) ≥ min 𝒗𝒊 𝑨 , 𝒗𝒊 𝑩
for any 𝑺 ⊆ [𝒎] and any two partitions 𝑿 ⊎ 𝒀 = 𝑺 and 𝑨 ⊎ 𝑩 = 𝑺

Observation 1: Our earlier construction violates MMS-feasibility. 

max 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀) = 𝟏 min 𝒗𝒊 𝑨 , 𝒗𝒊 𝑩 = 𝟑

Observation 2: Additive valuations satisfy MMS-feasibility.

Proof: max 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀) ≥ (𝟏/𝟐) K 𝒗𝒊(𝑺) ≥ min 𝒗𝒊 𝑨 , 𝒗𝒊 𝑩

𝑿

𝒀

𝑨 𝑩



MMS-Feasible Valuations
Valuation is MMS-feasible if max 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀) ≥ min 𝒗𝒊 𝑨 , 𝒗𝒊 𝑩
for any 𝑺 ⊆ [𝒎] and any two partitions 𝑿 ⊎ 𝒀 = 𝑺 and 𝑨 ⊎ 𝑩 = 𝑺

𝒀 𝑨𝑿 𝑩𝑨 𝒀𝑿 𝑩𝑨 𝑩𝑿 𝒀

MMS-feasible MMS-feasible Not MMS-feasible
Additive Additive Additive

Recall: We order bundles from least to most valuable 
and draw arcs between complements.



MMS-Feasible Valuations
Valuation is MMS-feasible if max 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀) ≥ min 𝒗𝒊 𝑨 , 𝒗𝒊 𝑩
for any 𝑺 ⊆ [𝒎] and any two partitions 𝑿 ⊎ 𝒀 = 𝑺 and 𝑨 ⊎ 𝑩 = 𝑺

dTheorem (Negative for Three Agents): There is an instance with 
2 monotone and 1 MMS-feasible valuation that admits no PMMS allocation.d

Theorem (Positive for Two Agents): 
PMMS exists for 1 monotone and 1 MMS-feasible valuation.

Open Problems:
Does PMMS exist for 1 monotone and 2 MMS-feasible? 

Does PMMS exist for 3 MMS-feasible? 



MMS-Feasible Valuations
MMS-feasible: max 𝒗𝒊 𝑿 , 𝒗𝒊(𝒀) ≥ min 𝒗𝒊 𝑨 , 𝒗𝒊 𝑩 .

Assumptions for 3 agents EFX PMMS
3 monotone open does not exist

2 monotone + 1 MMS-feasible exists does not exist
1 monotone + 2 MMS-feasible exists open

3 MMS-feasible exists open

Assumptions for 2 agents EFX PMMS
2 monotone exists does not exist

1 monotone + 1 MMS-feasible exists exists
2 MMS-feasible exists exists



Positive Results
Searching over instances requires assigning values to all bundles: 

There are essentially 𝟐𝒎 ! valuations.

We could restrict to valuations with few possible values:
Binary-valued (or dichotomous): 𝒗𝒊 𝑿 ∈ 𝟎, 𝟏 . 

There are 𝟐𝟐𝒎 such valuations.

We could restrict to valuations with few valuable bundles:
Pair-demand: 𝒗𝒊 𝑿 = max𝑻⊆𝑿, 𝑻 -𝟐𝒗𝒊 𝑻 . 

There are 𝒎𝟐 ! such valuations.



Positive Results
Theorem (Positive): PMMS exists for 

binary-valued MMS-feasible valuations.d

Binary-valued (or dichotomous): 𝒗𝒊 𝑿 ∈ 𝟎, 𝟏 . 

Does not exist for two binary-valued valuations without MMS-feasibility.

No monotonicity required! Applies to goods, chores, and mixed manna.

∅ 𝒂, 𝒅

𝒃, 𝒄, 𝒅

𝒂

𝒂, 𝒃,
𝒄, 𝒅

𝒃, 𝒄

𝒂, 𝒄

𝒃, 𝒅

𝒂, 𝒃

𝒄, 𝒅

𝒅 𝒂, 𝒃, 𝒄

𝒃

𝒄 𝒂, 𝒃, 𝒅 𝒂, 𝒄, 𝒅

good bundlesbad bundles



Theorem (Positive): PMMS exists for 
additive pair-demand valuations.d

Additive pair-demand: 𝒗𝒊 𝑿 = max𝑻⊆𝑿, 𝑻 :𝟐∑𝒈∈𝑻𝒗𝒊 𝒈 . 

Does not exist for two general pair-demand valuations.

Positive Results

∅ 𝒂, 𝒅𝒂 𝒃, 𝒄𝒂, 𝒄 𝒃, 𝒅𝒂, 𝒃

Open Problem: Does it exist for MMS-feasible pair-demand valuations?

𝒄, 𝒅

0 2

𝒅𝒃 𝒄

4 5 6 6 7 8 9 10 11



Summary
Big Open Problems: 

Does EFX exist for additive valuations?
Does PMMS exist for additive valuations? 

We can make progress by showing 
impossibility for weaker assumptions and 

possibility for stronger assumptions.

PMMS is an interesting and stronger variant of EFX.

PMMS requires new techniques, possibly useful for EFX.


